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Background & Motivation

All the methods for causal inference can be viewed as missing data
imputation methods, where some are more explicit than others. —
Imbens and Rubin (2015).

» Matching method explicity impute the missing counterfactual
of trated X; by control X;(;.

» Difference-in-difference (DID) method implicitly impute the
missing counterfactual by differencing the treated and controls
before and after the treatment.

» Novel synthetic control method (SCM) explicitly impute the
missing counterfactual of Yj; with a weighted average of
control units, without extrapolation.
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Impute Counterfactual by Modeling the DGPs

» After transforming the causal inference problem into a missing
data imputation problem, it is natural to think about
modeling the data generating process (DGPs).

» Factor model is popular for its flexibility and sparsity in DGPs
modeling. (Bai (2003), Stock and Watson (2002), etc.)

A brief history of using the factor model for causal inference:

1. Pure factor models. Hsiao et al. (2012) appear to be the first
to use factor models for causal inference.

Vit = NiFe + €t

2. Interactive fixed effects model. Xu (2016) use factor model
plus regression terms.

Yie = AiFe + Xie8 + €3t

» Recent advance in asset pricing using IPCA for stock return
prediction. (Kelly et al. (2020))



Set up

» Yj; is the observed outcome for unit i =1,2,--- , N at time
t=1,---,T.

» Total number of observed units is N = Ngpear + Negyy, for Negy
number of units in the control group C and Ny units in the

treated group 7.
» Each unit is observed over T = Tpe + Tpost periods.

Assumption

Functional form:
Yit = Dir 0 0t + /\itFtl + Wit
Nie = Xiel + Hjt



Set up

> where Xj; = [x}, -, xk] is a vector of observed covariates.

> F.=[f},---,fK] is a vector of unobserved time-varying
factors.

> A = [AL, .-+, AK] is a vector of unobserved factor loadings

instrumented by covariates Xi;.

» [ is a L x K transformation matrix, mapping L covariates into
K latent factor loadings.

Yl% = 5it + XitrtreatFt{ + €t ifieT &t> Tpre
Yl(t) = XitrtreatFt, + € ifieT &t<= Tpre
Y2 = XitlcenFl + €it if i €C.



Treatment Assignment

» To simplify the estimation, we focus on the block assignment
scenario where all the treated units are treated at the same
time (can be relaxed) and the treatment once turned on can
not be turned off.
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Figure: Block assignment scenario



Estimand

» We use Neyman (1932) and Rubin (2003) potential outcome
framework to specify the potential outcome for treated and
control units.

» Under Nemany's potential outcome framework, our estimand
ATT can be expressed as:

ATT = =3 (v = 8) =

0 1 2 3 4 s 6 7 8 9 10 1 12 13 14 15 16 17 18 19
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Advantages of the CSC-IPCA Method

1. It inherits the ability of PCA to effectively handle
high-dimensional data.

» The mapping matrix [ conducts a dimensional reduction
process, making it easier to handle high-dimensional datasets.

» Prediction information from covariates is more effectively
handled.

2. It generates time-varying factor loadings which have better
economic interpretation.

» Instrumented factor loadings A;; inherit time-varying
properties, making them more realistic in practice.

3. It enhances the value extracted from numerous covariates,
and dynamic factor loadings can help to better estimate
common factors.

» Reduced bias when unobserved covariates are present,
compared to other similar methods.



Estimation

To combine the functional form we get the following structure
component:

Yie = (Xil)F, + €it,  €ir = pir + Hie F}.

CSC-IPCA method is estimated by minimizing the sum of squared
residuals of the following objective function:

arg mlnzz it — (Xiel)F) (Yie — (Xitr)Ft/)/‘

IF:

» The optimization, as defined in the equation above, is
quadratic with respect to either ' or f;, when the other is
held constant.

» We can use alternating least squares (ALS) method for the
numerical solution of this optimization problem.



Estimation

Step 1: Estimate the common factors F; and the mapping matrix
Ictrr with an ALS algorithm, based exclusively on data from the
control group for the whole time period.

(Feen, Fe) = argmmz ST (Vie = (XeeD)FY) (Yie — (XeD)FY)'
Fe ieC t<T

With a fixed I, the solutions for f; are t-separable and can be
obtained via cross-sectional OLS for each t:

(M) = (MXIX )XY,
Conversely, with known f, the optimal ' (vectorized as

~ = vect(l')) is derived through pooled panel OLS of y;; against
LK regressors, x;z @ F:

-1

§= (D (X ® Fo)(xie @ F1) D (X @ Fe)yir

it it



Estimation

Step 2: Estimate the mapping matrix [ 1rear for treated unit i at
time t, employing the previously estimated time-varying factors F,
and the observed covariates Xj;, using only pretreatment data from
the treated units.

Freae =argmin 3~ 3 (Yie = 0D (Yie = 0GDFL)

IET t< Tpre

The Treat is estimated through:
-1
~ r P r
v = Z(X:'t @ Fe)(xie ® F) Z(X;'t ® Fe)yie
it it

for i € T, T <= Tpre.



Estimation

» The estimation of f; and I is not deterministic.
» We can find any arbitrary rotation matrix R, such that
x,-trRR_lf/t yields the same structural component.

» We put specific constraints on the mapping matrix
[ morm = Ttreat R and factor fporm = R~ for identification.



Estimation

Step 3: The third step includes normalizing the estimated
mapping matrix [ e and F; by a set of constraints:

Fnorm = Rilﬁtv
s.t.l ormPnorm = Ik, FnormFromm/ T = Diagonal.
1. Cholesky decomposition to get a upper triangular matrix
Ry = cholesky(T'T),
2. Singular value decomposition on Ry f:f,R] to get R, = U
where ULV’ = svd(Ryff,RY).
3. Finally, the rotation matrix R is given by: R = R1_1R2.



Estimation

Step 4: The final step involves imputing the counterfactual
outcome \A/,[t) for treated unit i at time t by substituting the
estimated mapping matrix f,,o,m and the time varying factors I:_,,o,m
into the following equation:

A

Y/i (O) = (Xitlﬁnorm)F,/,o,m, vVieT, & Tpre <t<T.
The estimated average treatment effect for treated is:
1 A

1 0
Z (Ylt - Y:t) = N 25&-
treat ieT treat ieT

/A/ﬁ_t:



Hyperparameter tuning

Algorithm 1: Bootstrap Hyperparameter Tuning
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Data: ¥, X

Result: Optimal hyperparameter k

Determine the maximum possible hyperparameter K and the number of repetitions
N;

Initialize an array M SE to store the average of sum squared error for each &
for k+ 1to K do
Initialize sum of squared errors: S5 + 0);
for n +— 1 to N do
Construct a hootstrap training dataset (¥ el m—t) by sampling N, control
ohservations with replacement:;
Construet a bootstrap validation dataset (Y%, X2 .,) by sampling Niya
treated observations with replacement;
Estimate parameters I' and I} using the fraining data via the ALS method;
Use the estimated ' and FL to predict },mu with the validation data;
Clompute the sum of squared error for the validation data:
2
"3 E‘“ - E ( treat )[i.r(ul) )
Accumulate the sum of squared errors: SSE. + S5, + S5E,;
end
Jalenlate the average sum squared error for k: MSE
end
Select k corresponding to the minimum value in MST;




Inference

We use conformal inference (Chernozhukov et al. (2021)) to
construct the confidence interval.

1. We postulate a sharp null hypothesis, Hy : 0;; = H?t. Under
this null hypothesis, we adjust the outcome for treated units
post-treatment as Y = Y — 0j;.

2. Following the estimation procedure to estimate the
time-varying factor F; with only control data as before, and

update the I' for the newly adjusted treated units with the
entire set of treated units.

3. Estimate the treatment effect and compute the residuals for
the treated units in the post treatment period. The test
statistic showing how large the residual is under the null:

1

—= > |p
vV Tpost t> Tore

S(p) =



Inference

4. We employ g = 1 for the permanent intervention effect as
designed in our study.

5. Block permute the residuals and calculate the test statistic in
each permutation. The P-value is defined as:

p=1— F(5(d)), where F(x |ﬂ| Z 1{S(dr) < x}.

wel

6. Repeat the above procedures with different nulls to get
different P-values and construct confidence intervals at
different significance levels.



Simulation
We use the following DGPs to simulate the data:

Yie = Diby + X8’ + (Xiel)F{ + cj + &t + €3t

» [ =10and K =3.

> Xi: = [x},...,xk] denotes a vector of L x 1 time-varying
covariates, which follows a VAR(1) process.
Xie = pi + AiXi -1+ Vie, where Ajisa L x L
variance-covariance matrix.

> F.=[f},..., 3] denotes the vector of time-varying common
factors, adhering to a similar VAR(1) process.

» The coefficient vector 8 = [3L,..., '] associated with the
covariates is drawn uniformly from (0, 1).

> [, the L x K mapping matrix for the factor loadings, is drawn
uniformly from (—0.1,0.1).

» The treatment indicator Dj; is binary. The heterogeneous
treatment effect is modeled as 6;; = d;r + €j¢.
5¢ =1[0,-++,0,1,2,..., Tpost] represents a time-varying
treatment effect.



Simulation
P There is a possibility that treated units are not in the convex
hull formulated by controls.
» From the simple event study plot, the parallel trend
assumption is not satisfied.
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An example
» The upper panel shows the average synthetic control’s
outcome perfectly overlaps with the actual average treated
outcome before the treatment.
P> The lower panel shows the average treatment effect before
and after treatment with a 90% confidence interval.
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Bias comparison

» When all covariates are observed, both CSC-IPCA and
CSC-IFE demonstrate unbiasedness and effectively estimate
the true ATT.

» SCM exhibits an upward bias for the poor pre-treatment fit.

» As the number of unobserved covariates increases, both
CSC-IPCA and CSC-IFE lose efficiency, but the CSC-IPCA
estimator remains less unbiased than CSC-IPCA estimator.
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Finite sample property
» The bias, RMSE, and STD are estimated based on 1000
simulations.

» Nireat = 5, Tpost = 5, L = 10. We vary the number of control
units Ny, pre-treatment period Tpre, and the proportion of
observed covariates .

» The convergence rate of the CSC-IPCA estimator is the

smaller one of O, (\/ th,/) and O, (\/Ntreat Tpre)-

Table 1: Finite Sample Properties

r.} 3 23 1 | 1y3 23 1 |13 23 1

To Nent Bias RMSE STD

10 10 | 2328 0.703 0.130 | 4770 3.068 1642 | 4175 3.032 1684
1020 | 1367 0312 0.053 | 3484 2209 0914 | 3.260 2219 1.008
10 40 | 1.026 0196 0.051 | 2776 1.752 0.714 | 2616 1.781 0.821
20 10 | 2067 1020 0217 | 4817 2.606 L35 | 3.814 2544 L1179
20 20 | 1435 0433 0.055 | 3.280 1754 0.745 | 2.982 1773 0.860
20 40 | 1.093 0167 0.042 | 2613 1.348 0602 | 2430 1409 0.757
40 10 | 2006 1232 0.145 | 4011 3.035 0960 | 3.072 2.797 L1065
40 20 | 1670 0399 0019 [ 3592 1718 0.724 | 3.221 1737 0.861
40 40 | D.876 0295 0.006 | 2675 1.418 0574 | 2556 1.441 0.697




|dentification assumptions

Assumption

Assumption for consistency:

1.
2.

Covariate orthogonality: E [x,€jt] = 011,

2, EHX;-tﬁit| 2,

The following moments exist: E|/ff’,
E|[x}xiel?, E [|[x]xiel|* || FF2lI?],
The parameter space W of I is compact and away from rank
deficient: det'T > € for some ¢ > 0,

. Almost surely, xj is bounded, and define Q7 := E [x}.x],

then almost surely, Q¢ > € for some € > 0.



|dentification assumption

Assumption

Assumptions for asymptotic normality:
1. AsN, T — oo, \/% Z,-’t vect (xf-te,-tf't) LN Normal(O, Q’“f),
2. As N — oo, ﬁ > vect (Xle;) LN Normal (0, Q%) forVt,

d
3. AsN, T — oo, % > vect (Fof, — E[f £}]) =
Normal (0, Qf) .
4. Bounded dependence: 5+ >ijisITits|| < oo, where
Tijts ‘=B [xf-te;tej-sxjs}
5. Constant second moments of the covariates: Q¥ = E [X:X{]
is constant across time periods.



Formal result

we can formulate a target function for I as follows:
1 A\ 2
G(F) = W zt: (}/it - Xitrft) .
1y

The Hessian matrix H(I) is defined as the second derivative of the
2

target function G(I') with respect to I': H(IN) = %rLa(rr')-

To satisfy the normalization criteria, we define the following

identification function:

veca(l'l — Zk)
I(r) == vecb <%thtf;— fo)

where V' = E [f.f}], meanwhile, veca(-) and vecb(-) vectorize
the upper triangular entries of a square matrix.
The Jacobian matrix J(I') as the derivative of the identification

function /(I") with respect to I': J(T') = %.



Formal result

Proposition

Under the above assumptions, mapping matrix estimation error
centered against the normalized true mapping matrix converges to
a normal distribution at the rate of VNT: as N, T — oo such that
T/N — oo,

VAT (3 —2%) % — (KOO + 12 ) HY Normal(0, V1)

where HO := BS(F) |y=0 and JO := 8’(”!7 40,
il = (@& 7, @ (Q¥ @ Zx), and Q° == Q:(r) given that

Qe(T) :=T; — X (I"QY>T) "' I is constant over t under the
normality assumption.
Proof: refer to Kelly et al. (2020)



Formal result

Proposition
Under the Assumptions, factor estimation error centered against the normalized
true factor converges to a normal distribution at the rate of VN: as N, T — oo

for V't,
VN (?t - f?) 94N (o,v?l) ,
Proof: Decompose the left-hand side equation:
VN (fi—F) =VN ((f/xgxtf)fl Px; (xffo+ &) - ft>
— VN ((ﬁ'x;xtﬁ)“ P () - ft> F VI (Pxixf) Pz
where €, is the estimated error term with estimated ' and true f;. Given

Proposition 1, f — 0 = 0, (1/\/NT). The first term is simply O, (1/\/NT).

For the second term:
. N\ —1a _
VN (r’x{xtr) F'X{ e =V/N (I'X/XT) 7 T' X! er + Op(1)

4, Normal(0, V)



Formal result

Theorem -
Under Assumptions, the CSC-IPCA estimator E (ATTt\D, X,T, F) L ATT,,

where ATT, = -+ > icr Oi is the true treatment effect. for all t > Ty as

Ntreat

both Neceri, Tpre — 00.

Proof: Denote i as the treated unit on which the treatment effect is of
interest, the bias of estimated ATT is given by:

0ie — 0it = .Vi}r - }A’i? — bir,

= x; [, — x,-tf?lt + €it,
Xt ((IL QFf)y— (L ® ?t)’?) + €ir,
=xt(Ze @ Fe)y —ZL @ (F: + e ) (v + ey)) + €i,
=xit (ZL @ Fr)ey — (IL @ ery) — (I ® ef)ey) + €ir
= x¢Erfi — xi[e;, — xiEref, + eie,
= Avit + Aoit + Aszit + €it.

The third step converts the vector-matrix multiplication into vector
multiplications with the Kronecker product, x;:'f; = x;:(Z, @ f+)7.



Formal result

The bias of the estimated ATT is the sum of four terms Ay i, A2it, As,it, and
eir. By proposition 1 and 2, we have the following results:

Al,it = XitErf;» = Op (1/ \/ Nireat Tpre) .
Asie = —xiler, = O, (1/\/ /ch) .
A3,it = _XitEFe;'t = Op (]—/ Ntreat Tprethr/) .

Since we estimate the factor f; using only control units and update the
mapping matrix I with treated units in the pre-treatment period, both f; and '
converge over different dimensions of T and N. Consequently, the error term
€ir is assumed to have zero mean, leading to the bias of the estimated ATT also
converging to zero:

A 1 1 1
St =6 =Op | ————e | + Op [ == )| +Op | ——— | + 0,1
‘ ‘ g (\/ Nireat Tpre) P ( Vv thr/) g <\/ Nireat TprethrI> P( )
P V thrl g \ Ntreat Tpre .

Therefore, as Netri, Tpre — 00, the estimated ATT converges to the true ATT:

E (A/ﬁ't|D,X, r, F) Py ATT..



Case study — Brexit on FDI in the UK

>
>

We use OECD countries as control units and the UK as the treated unit.
The treatment period is from 2017, and the pre-treatment period is from
2016 to 1995.

The outcome variable is the foreign direct investment (FDI) inflow.

The covariates include GDP, imports and exports, inflation, investment,
employment, and demographic indicators.

Actual FDI Flows
Synthetic Control

a8
L L

S
L

FDI to GDP ratio (%)

T T T T T T
1995 2000 2005 2010 2015 2020

Estimated ATT
90% CI

Estimated ATT

T T T T T —
1995 2000 2005 2010 2015 2020



Future Direction

> Solve overfitting.
» Better handle bad controls.

A GitHub repository contains not only the package to apply this
new method, but a Jupyter Notebook includes a step-by-step
demonstration of the estimation.


https://github.com/CongWang141/JMP

